Abstract. We extend previous results obtained by Rosa (1998 Nonlinear Anal. 32 71-85) on the existence of the global attractor for the two-dimensional Navier-Stokes equations on some unbounded domains. We show that if the forcing term is in the natural space H , then the global attractor is compact not only in the L 2 norm but also in the H 1 norm, and it attracts all bounded sets in H in the metric of V . The proof is based on the concept of asymptotic compactness and the use of the enstrophy equation. As compared with the work of Rosa, which proved the compactness and the attraction in the L 2 norm, the new difficulty comes from the fact that the nonlinear term of the Navier-Stokes equations does not disappear from the enstrophy equation, while it does disappear in the energy equation due to its antisymmetry property.
Introduction
The global attractor for the two-dimensional (2D) Navier-Stokes equations was first obtained in [L1, FT] for bounded domains. In [FT] , the finite dimensionality of the attractor in the sense of the Hausdorff dimension is also shown (see also [CF2, CFMT, T2] ). For the case of unbounded domains, [A1, Bb] worked on the problem with the forcing term being required to be in some weighted space. However, their estimate of the dimension of the attractor in this case was independent of the weighted norm of the forcing term, which suggested a natural expectation of the existence of the global attractor for more general forces. For the unbounded cases, see also [A2, BbV, FLST] .
Recently, it was proved by [R] that for the 2D unbounded, non-smooth domain, provided that the Poincaré inequality is verified, the semigroup generated by solutions of the NavierStokes equations in the phase space H has a global attractor A when the external forcing term f is in V , the natural dual space of the theory of the Navier-Stokes equations (see the notation given in section 2). The attractor is found to be bounded in V and compact in H , i.e. A attracts all bounded sets in H , is a compact invariant set in H , is connected in H and is maximal for the inclusion relation among all the functional invariant sets bounded in H . An estimate of the dimensions of the attractor was also obtained.
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An interesting question naturally arises here, namely whether or not the semigroup generated by solutions of the Navier-Stokes equations in the phase space V has a global attractor A compact in V when f is in H . In this paper, we give a positive answer to this question. We are able to show that the global attractor attracts all bounded sets in V . It is connected in V and maximal for the inclusion relation among all the functional invariant sets bounded in V . Due to the regularity effect, the attractor obtained here and the attractor obtained in [R] in fact coincide (see remark 3.1). Thus the attractor is compact in V and attracts all bounded sets in H in the metric of V .
Note that the above result is known for the case of bounded domains if f is in H . This can be obtained with the appropriate a priori estimate for |Au| using the time analyticity of the solutions, which gives a bound on |u t | (see, e.g., [T2] ). Thus, the only novelty here is for the case of unbounded domains.
The requirement for the domains is such that D(A), the domain of the Stokes operator, can be characterized as H 2 ( ) V and that the Poincaré inequality is satisfied. Hence it requires some smoothness of the boundary of the domains, and that the domains be bounded in one direction, e.g. the channel-like domains.
The results of [R] were obtained using an asymptotic compactness argument applied to the energy equation. This idea was successfully implemented to some weakly damped hyperbolic equations first by [Bl] , and then by [G, W] (see also [MRW] and the references cited therein). The concept of asymptotic compactness had already been used by [A1, A2, L2] , and is implicit in [T2] , theorem I.1.1, (1.13). See also the concept of asymptotic smoothness in [Hal, Har] . [R] realized that these proofs do not make essential use of the compactness of the Sobolev embeddings and thus can naturally be extended to equations on unbounded domains, provided that the Poincaré inequality is verified. Here we apply the same argument to the enstrophy equation instead of the energy equation. Note that the nonlinear term of the NSEs disappears in the energy equation due to its antisymmetry, while the corresponding term does not disappear in the enstrophy equation. This nonlinearity presents a new difficulty. In this paper we are able to overcome this difficulty with a careful analysis.
The rest of the paper is organized as follows. In section 2, we first recall some notation and preliminary results about the 2D NSEs with the no-slip boundary condition. In section 3, we study the H 1 -compact global attractor and derive our main result.
The 2D NSEs in an unbounded domain
is an open bounded or unbounded set with the boundary ∂ smooth enough such that (2.5) and (2.12) hold.
Consider the following non-stationary Navier-Stokes equations describing the flow of a viscous incompressible fluid confined in :
which are supplemented with the no-slip boundary condition
and the initial condition
where u(x, t) ∈ R 2 , x ∈ R 2 and p(x, t) ∈ R 1 . Assume that there exists a λ 1 > 0 such that
It is well known that for Lipschitz domains bounded in one direction, the above Poincaré inequality holds.
Let 
Thanks to the Poincaré inequality, · is a norm of
where · , · is the duality product between V and V . We identify H = H . Using integration by parts,
where P is the Stokes projector. So,
The bilinear operator B : (u, u) . It is well known that
By [T1] , lemma III.3.4, we also have
See, for example, [T1] , chapter III, section 3.7.1, for the idea of the proof, though the discussion there is for the bounded domains of class C 2 . Similarly, one can also show that
where c is a positive constant independent of u, v and w. Using (2.5) and (2.6), it can be shown that for unbounded with ∂ being uniformly of C 3 there is a constant c > 0 independent of v such that
See [H] for details. Thus, in this case, |A · | is a norm on V (H 2 ( )) 2 , which is equivalent to the norm induced by (H 2 ( )) 2 , and therefore (2.10) and (2.11) hold. Consider the following weak formulation.
with initial condition (2.4). This is equivalent to the following functional equation:
u. Now we have the following existence and regularity results. 
The proof of the first part of the above theorem can be found in [T1] along with the following important a priori estimates (2.15) and (2.16).
Let v = u in (2.13). Then, by (2.7),
Thus, there is a constant
(2.16)
The second part of theorem 2.1 can be obtained using the inequalities (2.5), (2.6) and (2.10) and the following a priori estimates (2.18) and (2.19).
Let v = Au in (2.13). Then, by (2.5), (2.6) and (2.10), 1 2 Thus, by the uniform Gronwall lemma [T2] , there exists a constant
For the detailed derivation of (2.18) from (2.17) using the uniform Gronwall lemma, one can refer to [T2] . Moreover, it easy to see that there exists C ν > 0 such that
Theorem 2.1 defines
{S(t)} t 0 is a continuous semigroup in the H norm. By (2.18) and (2.19), it can be shown that {S(t)} t 0 is also a continuous semigroup in the V norm. Thus,
So,
The Lipschitz continuity in the H norm can be proved in a similar way.
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Remark 2.1. By (2.18), we know there is a set B ⊂ V , which is bounded in V and absorbing in V for the semigroup {S(t)} t 0 . For the convenience of later discussion, we may assume without loss of generality that B ⊂ V is an absorbing ball of {S(t)} t 0 .
Remark 2.2. It can be shown that u ∈ L 2 (0, T ; H ), for T > 0. In fact, setting v = u in (2.13), we have, by using (2.10), that u, u, u ) |f ||u | + c|u| So,
Similar to lemma 2.1 of [R] , we can have the following useful lemma, the proof of which is omitted here.
Lemma 2.2. Let {u 0,n } be a sequence in V , which converges weakly to
The next lemma is also important for the proof of our main result.
Lemma 2.3. Let {u 0,n } n be a sequence in H , which converges strongly to u 0 ∈ H . Suppose
Proof. Using (2.13), it is easy to see that, by (2.8)
By Lebesgue's dominant convergence theorem, and noting that 
H
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The global attractor in
By integration, and denoting S(t)u 0 := u(t),
where
Now we need to show the asymptotic compactness of the semigroup {S(t)} t 0 in the space V . For the convenience of readers, we give the definition of asymptotic compactness as follows.
Definition 3.1. The semigroup {S(t)} t 0 is asymptotically compact in a given metric space if and only if {S(t n )u n } is precompact, whenever {u n } is bounded and t n → ∞.
(3.4)
Let B ⊂ V be bounded. Consider {u n } n ⊂ B and {t n |t n 0, t n → ∞ as n → ∞} n . By remark 2.1, there exists T (B) > 0 such that
S(t)B ⊂ B ∀t T (B).
By the previous a priori estimates, B can be assumed to be a closed ball, thus a closed and bounded convex set. So, for all t n T (B), S(t n )u n ⊂ B. Since {S(t n )u n } n weakly precompact in V , there is {u n } n such that
By section 3 of [R] (see (3.23) of [R] ), we have that S(t n )u n → w strongly in H . By the weak continuity of S(t) in lemma 2.2
where V w -lim is the limit taken in the weak topology of V .
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Thus
and
Since V is a Hilbert space, to show the asymptotic compactness, we need only to show that
Note that, by (3.2),
(3.10) By (3.5) (and noting that, without loss of generality, we can and will drop the prime for n thereof), we have
By (3.11) and noting that e
Now, we show the following:
(3.14)
Let u 0,n := S(t n − T )u n , u 0 := w T . Then, to show that (3.14) is equivalent, we present the following lemma 3.1.
Lemma 3.1. Suppose
Thus, we need to show that
We rewrite the difference of the two sides of the above equation and estimate it in terms of the following three parts:
Now we want to estimate I 1 , I 2 and I 3 one by one. First,
While
Thus, by lemma 2.2,
Now (3.15) and thus (3.14) are proved by (3.17)-(3.19) and (3.16).
Now we return to the proof of the asymptotic compactness of {S(t)} t 0 in V . By (3.10), (3.12)-(3.14), we have
By (3.6) and (3.2) (3.22) . Equation (3.9) is proven. Thus, S(t n )u n → w, strongly in V . The asymptotic compactness in V is proven and thus A is compact in V . We now have Proof. We have already shown the asymptotic compactness of the semigroup {S(t)} t 0 in the space V . Note that remark 2.1 gives B ⊂ V , an absorbing ball of {S(t)} t 0 in the metric of the space V , while lemma 2.1 shows that S(t) : V → V is a Lipschitz continuous map (operator) on V for t 0. Now, by a direct application of the general result of the global attractor theory under the condition of asymptotic compactness (see, for example, [T2] (second edition) section 1.1 or [L2] ), to the semigroup {S(t)} t 0 in the space V , we obtain immediately a global attractor A which is compact in the space V and attracts all the bounded subsets in the space V with respect to the metric of V . Moreover, A is connected with respect to the metric of V and is also maximal.
AS(s)w T ) − b(S(s)w T , S(s)w T , AS(s)w T ) − [[S(S)w
However, it is known that (see [L3] ) This means that the global attractor A also attracts all the bounded subsets in the space H with respect to the metric of the space V .
t S(t)u
Remark 3.1. By theorem 3.1, we see that the attractor A obtained above indeed coincides with the attractor obtained in [R] (see remark 3.1 therein), where it is shown that A is compact in the space H and is bounded in the space V , with only the condition (2.5) imposed for the domain. There, the attractor A is proved to attract all the bounded subsets of H with respect to the metric of H . The above result shows that, under the additional condition (2.12), A is not just bounded, but indeed is also compact in the space V . Moreover, it attracts all the bounded subsets of H with respect to the metric of V .
